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Abstract
The validity of the Ehrenfest’s theorem in Abelian and non-Abelian quan-
tum field theories is examined. The gauge symmetries are taken to be unbro-
ken. By suitably choosing the physical subspace, the above validity is proven
in both the cases.
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(Dedicated to the memory of Prof.Alladi Ramakrishnan)
Professor Alladi Ramakrishnan founded the Institute of Mathematical
Sciences (MATSCIENCE) in 1962 and attracted bright young students in-
terested in theoretical physics. His contributions to the theory of Stochastic
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processes, elementary particle physics and Generalized Clifford Algebras will
be remembered forever. He was instrumental in my joining MATSCIENCE
in 1977 and encouraged me till his end in my research work. I consider it my
duty to dedicate this article in his memory.
1. Quantum Mechanics
In quantum mechanics, it is reasonable to expect the motion of a wave
packet to agree with the motion of the corresponding classical particle when-
ever the potential energy changes by a small amount over the dimensions
of the wave packet. If we mean by the ’position’ and the ’momentum’ vec-
tors of the wave packet, their expectation values, then we can show that the
classical and the quantum motions agree. This important result is known
as Ehrenfest’s theorem [1,2]. To illustrate this theorem, let us first consider
non-relativistic quantum mechanics. We have the Schro¨dinger equation
ih¯
∂ψ(~x, t)
∂t
= −
h¯2
2m
~∇ 2ψ(~x, t) + V (~x )ψ(~x, t),
−ih¯
∂ψ(~x, t)†
∂t
= −
h¯2
2m
~∇ 2ψ(~x, t)† + V (~x )ψ(~x, t)†, (1)
where m is the mass of the particle and V (~x ) is the real potential.
We shall take the wave function ψ(~x, t) in (1) as normalized. Then the
expectation value of the x-component of the position operator and its time
derivative are
〈x〉 =
∫
ψ† x ψ dτ,
d
dt
〈x〉 =
∫ (dψ†
dt
)
xψdτ +
∫
ψ†x
(dψ
dt
)
dτ. (2)
Using (1), it follows
d
dt
〈x〉 = −
ih¯
m
∫
ψ†
∂
∂x
ψdτ =
1
m
〈px〉. (3)
Similarly starting from 〈px〉 = −ih¯
∫
ψ† ∂
∂x
ψdτ , it is easy to find
d
dt
〈px〉 = 〈−
∂V (~x )
∂x
〉. (4)
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From (2) and (4), we note that the classical equations of motion
d~x
dt
=
~p
m
;
d~p
dt
= −~∇V (~x ), (5)
are satisfied by their expectation values in quantum mechanics. The wave
packet moves like a classical particle whenever the expectation value gives
a good representation of the classical variable. They provide an example of
the correspondence principle [1,2].
In the case of relativistic quantum mechanics, the manipulations are a
little less direct. We consider the Dirac equation [3].
H = ~α · ~p+ βm,
ih¯
∂ψ
∂t
= (~α · ~p+ βm)ψ, (6)
where ~α and β are hermitian 4× 4 matrices and ψ is a 4× 1 column vector.
We shall set the velocity of light c to unity hereafter. By using the Heisenberg
equation of motion dx
dt
= 1
ih¯
[x,H ], it is seen that
∫
ψ†
dx
dt
ψdτ =
∫
ψ†αxψdτ. (7)
First, we recall the plane wave solutions ψ(i) [3] of the Dirac equation,
ψ1(x) =
√
E +m
2m
e−ipx


1
0
pz
(E+m)
p+
(E+m)

 ; ψ2(x) =
√
E +m
2m
e−ipx


0
1
p
−
(E+m)
− pz
(E+m)

 ,
ψ3(x) =
√
E +m
2m
eipx


pz
(E+m)
p+
(E+m)
1
0

 ; ψ4(x) =
√
E +m
2m
eipx


p
−
(E+m)
− pz
(E+m)
0
1

 ,
corresponding to positive energy (E > 0) spin-up, spin-down states and neg-
ative energy (E < 0) spin-up, spin-down states of the electron respectively,
px = Et− ~p · ~x and p± = px ± ipy. These solutions satisfy ψ
(i)†(x)ψ(j)(x) =
3
E
m
δi,j (i, j = 1, 2, 3, 4). Using them, we construct the wave packets
Ψ(E > 0) =
2∑
i=1
∫
Ai(~p )ψ
(i)d3p,
Ψ(E < 0) =
4∑
i=3
∫
Ai(~p )ψ
(i)d3p, (8)
and note∫
Ψ†(E > 0)Ψ(E > 0)d3x =
∫
d3p
E
m
{|A1(~p )|
2 + |A2(~p )|
2}. (9)
Similar expression can be written for Ψ(E < 0). Using the explicit represen-
tation of the αx matrix [3], we have∫
Ψ†(E > 0)αxΨ(E > 0)d
3x =
∫
d3p
(px
m
)
{|A1(~p )|
2 + |A2(~p )|
2}.(10)
From (7), (9) and (10), it follows d
dt
〈x〉 = 〈px
m
〉, showing the validity of the
Ehrenfest’s theorem. Further, we consider the Dirac particle in an external
electromagnetic field. Setting the vector potential zero (for simplicity), the
Dirac hamiltonian is
H = ~α · ~p+ βm− eφ, (11)
where φ is the scalar potential. Using the Heisenberg equation of motion for
a dynamical variable F , dF
dt
= 1
ih¯
[F,H ], it follows that d~p
dt
= −~∇(−eφ) and so
〈d~p
dt
〉 = −〈~∇(−eφ)〉, showing the validity of the Ehrenfest’s theorem.
Thus in quantum mechanics, we see that the expectation values of the po-
sition and the momentum operators satisfy the classical equations of motion.
We would like to extend this to quantum field theory.
2. Abelian field theory
We consider the lagrangian density for the electromagnetic field minimally
coupled to a source jµ(x) (Dirac current)
L = −
1
4
FµνF
µν + eAµ(x)j
µ(x), (12)
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where Aµ(x) is the electromagnetic field, e is the coupling strength and
Fµν = ∂µAν − ∂νAµ. (13)
The corresponding classical equations (Euler-Lagrange equations) are
∂µF
µν + ejν = 0. (14)
Eqn.14 is the classical equation of motion and gives the Maxwell equations
with source.
It is well known that the manifestly covariant theory of massless vector
field is to be quantized with indefinite metric [4]. The impossibility of quan-
tizing the electromagnetic field with positive definite metric has been shown
by Mathews, Seetharaman and Simon [5]. A physically meaningful theory
is constructed by introducing a ’subsidiary condition’, which is a condition
defining the physical subspace of the indefinite metric Hilbert space of the
electromagnetic field. In here, we follow the B-field formalism of Nakanishi
[6]. In order to quantize the above lagrangian, one has to fix the gauge.
This is seen by considering the coefficient of the terms quadratic in Aµ in
the action S =
∫
d4xL (after a partial integration). This coefficient is the
differential operator ✷gµν − ∂µ∂ν . The two-point function 〈Aµ(x)Aν(y)〉 is
governed by the above differential operator.
The Feynman propagator for the photon (quantized electromagnetic field)
is the inverse of this differential operator in the momentum space. As this
differential operator is not invertible, the photon propagator is not defined.
This difficulty is avoided by choosing a gauge. We choose the covariant gauge
∂µAµ = 0 and implement this gauge fixing in the lagrangian by adding the
’gauge fixing term’ − 1
2a
(∂µAµ)
2 where a is a parameter. This modifies the
coefficient of the terms quadratic in Aµ in the action S as ✷g
µν − ∂µ∂ν +
1
a
∂µ∂ν . This, in the momentum space is −p2gµν + (1− 1
a
)pµpν whose inverse
is − 1
p2
{gµν +
a−1
p2
pµpν}, which is the Feynman propagator for the photon in
the covariant gauge.
We introduce the above covariant gauge fixing via B(x), an auxiliary
hermitian scalar field and consider the quantum lagrangian
L = −
1
4
FµνF
µν +B(x)∂µAµ +
a
2
B2(x) + eAµ(x)j
µ(x), (15)
5
where a is a parameter. It is important to realize that the gauge field Aµ(x)
and B(x) in (15) are operators while the gauge field in (12) is a classical field.
The quantum equations of motion from (15) are
∂µF
µν − ∂νB(x) = −ejν ,
∂µAµ + aB(x) = 0. (16)
Using the second equation to eliminate the B-field in the lagrangian, we re-
cover the gauge fixing term − 1
2a
(∂µAµ)
2. By taking ∂ν of the first equation
and using the conservation of the current jν(x), namely ∂νj
ν(x) = 0, we
see that B(x) satisfies the equation of motion for a massless scalar field, ad-
mitting positive and negative frequency solutions. Eqn.16 can be considered
to be the quantum Maxwell equations while (14) is the classical equation of
motion. The fields in (16) are operators and act on functions (states) in the
indefinite metric Hilbert space. For this reason, this method of quantization
is called ”operator method of quantization”. In order to ensure that phys-
ically meaningful degrees of freedom only contribute (the longitudinal and
the time-like photons are unphysical) to the observables, we impose Gupta’s
subsidiary condition on the photon states by
B+(x)|φ〉 = 0, (17)
where the superscript + denotes the positive frequency part of B(x). The
physical subspace in the indefinite metric Hilbert space is defined in (17).
The physical subspace Vphys is the totality of the states |φ〉 satisfying (17).
Now consider the expectation value of the quantum equations of motion (16)
between physical states |φ〉 defined in (17). They are
〈φ|∂µF
µν − ∂νB(x) + ejν |φ〉 = 0; |φ〉 ∈ Vphys,
〈φ|∂µA
µ + aB(x)|φ〉 = 0. (18)
Using B− = (B+)† and (17), (18) becomes
〈φ|∂µF
µν + ejν |φ〉 = 0; ∀ |φ〉 ∈ Vphys,
〈φ|∂µA
µ|φ〉 = 0. (19)
Comparing (19) with (14), we see that the expectation value of the quantum
equation of motion taken with the states in the physical subspace reproduces
6
the classical equations of motion, generalizing the Ehrenfest’s theorem to
Abelian quantum field theory. Since the classical equation of motion is linear
in Aµ(x), one can separate the positive and negative frequency parts and
then the second equation above gives ∂µA+µ (x)|φ〉 = 0, subsidiary operator
condition of Gupta. This feature is not shared by the non-Abelian theory
as there the classical equation of motion for the non-Abelian gauge field is
non-linear and a separation into positive and negative frequency parts is not
possible.
3. Non-Abelian Field Theory
As an example, we consider SU(3) gauge theory relevant to Quantum
Chromo Dynamics (QCD), the gauge theory of the strong interactions of
quarks. The classical lagrangian density is given by
LYM = −
1
4
F aµνF
µνa + gAaµ j
µa, (20)
where jµa is the external source (color current of the quark), µ, ν’s are
the Lorentz indices, a, b, c’s are the SU(3) group indices, g is the coupling
strength, and
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν . (21)
In above, fabc’s are the structure constants of SU(3) and g is also the coupling
strength of the self interaction of the non-Abelian gauge fields. The above
lagrangian is gauge invariant. This can be verified by using the infinitesimal
gauge transformation on the gauge field Aaµ, namely
Aaµ → A
a
µ +D
ab
µ ω
b, ωa ∈ SU(3),
Dabµ = ∂µδ
ab + gfacbAcµ. (22)
Consider the first term in the lagrangian. Then it is found, using the Jacobi
identity
f bcdf dae + f cadf dbe + fabdf dce = 0, (23)
that
δgauge(F
µνaF aµν) = 2gf
acbF µνaF cµν ω
b ≡ 0. (24)
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The classical equations of motion from (20) are
Dabµ F
µνb + gjνa = 0. (25)
The operator Dabµ in (22) is called the covariant derivative in the adjoint
representation and using the Jacobi identity (23), it is found that the commu-
tator [Dµ, Dν ]
ab = −gfabqF qµν . Acting on (25) by D
ca
ν , using the commutator,
it is seen that
Dabν j
νb = 0, (26)
that is, the current jνa is covariantly conserved. As the source jµa is gauge
invariant, in the action integral the second term in the lagrangian is invariant
using (22) and (26) after one partial integration. Thus the lagrangian in (20)
is gauge invariant.
Using the covariant derivative, the classical equation of motion (22) can
be rewritten as
∂µF
µνa + gfacbAcµF
µνb + gjνa = 0,
∂µF
µνa = −gJνa, where
Jνa ≡ jνa + facbAcµF
µνb. (27)
The current Jνa contains besides the matter contribution, the non-Abelian
fields. The non-Abelian fields themselves act as the source (like in gravity).
By inspection, we see that ∂νJ
νa = 0, i.e., the current Jνa is ordinarily
conserved.
An attempt to quantize (20) along the lines of the Abelian theory i.e.,
”operator method of quantization”, runs into difficulty. The auxiliary fields
Ba(x) in this case do not satisfy ✷Ba(x) = 0 due to the self-coupling property
of the non-Abelian fields. So it is not possible to write down the positive and
negative frequency parts. Further the classical equations of motion are non-
linear. The proper method is to use the ”path integral approach”. For the
reasons given in the Abelian field theory, here also we need to fix the gauge
to obtain the propagator for the gauge fields Aaµ(x). Further, in the ”path
integral method”, one integrates all possible gauge field configurations. As
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the lagrangian (20) is gauge invariant, two gauge field configurations related
by gauge transformation will give the same lagrangian. This, in the path
integral amounts to double counting in the space of gauge fields. This is
avoided by fixing the gauge and integrating over the space of gauge fields
modulo gauge fixing. We choose the covariant gauge Fa = ∂µAaµ(x) = 0.
The above gauge fixing relation however does change by the gauge trans-
formation and so the gauge variation of the gauge fixing relation is non-trivial
in non-Abelian gauge theory. This, in the path integral approach, brings in
the Faddeev-Popov ghost (anti-commuting scalars) fields. Using the results
from the ”path integral approach” [7], the lagrangian density for quantum
non-Abelian theory can be written as
L = −
1
4
F aµνF
µνa − ∂µBa Aaµ +
α
2
BaBa − i∂µc¯ a (Dabµ c
b) + gjaνA
νa,(28)
where α is a gauge parameter and c’s are the ghost fields. They are hermitian
ca = (ca)† ; c¯ a = (c¯ a)†, (29)
and the ghost fields ca and c¯ a anti-commute.
A comparison of (28) with (15) reveals that now we have (for SU(3)) eight
auxiliary fields Ba and a new term involving the Faddeev-Popov ghost fields.
One can also quantize the Abelian massless field by the above procedure
(”path integral approach”) and in that case, the ghosts decouple from the
gauge fields. In contrast, in (28), the fourth term contains coupling of the
ghost fields with the gauge fields. This is crucial. The second and the third
terms in (28) are the gauge fixing part and the fourth term is the Faddeev-
Popov ghost part LFP . Using (29) and the anti-commuting property of the
ghost fields, it is seen that L†FP = LFP . The quantum equations of motion
following from (28) are:
Dabµ F
µνb = ∂νBa − gjνa − igfabc(∂ν c¯ b)cc,
∂µA
µa + αBa = 0,
Dabµ (∂
µc¯ b) = 0,
∂µ(D
µabcb) = 0. (30)
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Before considering the physical states, we recall that the quantum la-
grangian (28) is gauge fixed. So, we do not have the local gauge invariance
in (28). However, it was found by Becchi, Rouet and Stora (BRS) [8] that
(28) is invariant under a special global transformation (First Global Transfor-
mation) involving Faddeev-Popov ghosts. This BRS transformation is given
by
δAaµ = D
ab
µ c
b = [iQ,Aaµ],
δψ = igcata ψ,
δBa = 0 = [iQ,Ba],
δca = −
g
2
fabccbcc = {iQ, ca},
δc¯a = iBa = {iQ, c¯ a}, (31)
where Q is the BRS-charge Q =
∫
d3x{Ba(Dabµ c
b)−∂0B
aca+ig
2
fabc∂0c¯
a cbcc}.
(see [7] for details) From (31), it is seen that δF aµν = gf
acbF cµνc
b and the
invariance of (28) under (31) can be verified.
Though the local gauge invariance is explicitly broken by the gauge fixing,
(28) has global gauge symmetry. This global gauge transformation (Second
Global Transformation)
∆Aaµ = f
abcθbAcµ,
∆ψi = −i(t
a)ijθ
a ψj ,
∆ψ¯i = iψ¯j(t
a)jiθ
a,
∆Ba = fabcθbBc,
∆ca = fabcθbcc,
∆c¯ a = fabcθbc¯ c, (32)
where θa is the global gauge parameter, generates the conserved Noether
current
J aµ = f
abcAνbF cνµ + j
a
µ + f
abcAbµB
c − ifabcc¯ b(Dcdµ c
d) + ifabc∂µc¯
b cc,
= Jaµ + f
abcAbµB
c − ifabcc¯ b(Dcdµ c
d) + ifabc(∂µc¯
b)cc, (33)
where in the last step we used the third relation in (27).
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We now consider the first equation in (30) and rewrite that as
∂µF
µνa + gfacbAcµF
µνb = ∂νBa − gjνa − igfabc(∂ν c¯ b)cc. (34)
This, in view of (33) can be written as
∂µF
µνa + gJ νa = (DνacBc)− igfabcc¯ b(Dνcdcd). (35)
The right side of (35) can be expressed, using the BRS transformations (31),
as −iδ(Dνabc¯ b) and so (35) becomes
∂µF
µνa + gJ νa = {Q,Dνabc¯ b}. (36)
This quantum equation of motion is to be compared with the classical equa-
tion of motion (27). We note that Jνa in (27) is replaced by J νa in (36)
and the right side is expressed as a BRS-variation. Both Jνa and J νa are
ordinarily conserved. That the quantum equation (34) can be written in the
form (36) was first shown by Ojima [9].
The vector space for the non-Abelian gauge fields, on which the quantum
equations act is an indefinite metric space. A physical subspace of this is to
be defined. It was shown by Kugo and Ojima [10] that the physical space is
defined by the condition
Q|φ〉 = 0. (37)
Taking the expectation value of (36) between the physical states and using
(37) it follows
〈φ|∂µF
µνa + gJ νa|φ〉 = 0. (38)
This expression when compared with the classical equation of motion (27)
shows that the Ehrenfest theorem is not fully satisfied. The global con-
served current J νa differs from the conserved current Jνa, as seen from (33).
Now we consider (33) and note that this difference is given by fabcAbµB
c −
ifabcc¯ b(Dcdµ c
d) + ifabc(∂µc¯
b)cc. The first two terms can be expressed us-
ing (31) as δ(ifabcc¯bAcµ) noting that when the BRS-variation crosses the
ghost field it picks up a sign. So the first two terms can be rewritten as
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{−Q, fabcc¯ bAcµ} and this when taken between the physical states vanishes.
Then, (38) becomes
〈φ|∂µF
µνa + gJνa + ifabc(∂ν c¯ b)cc|φ〉 = 0. (39)
This still differs from the classical equation of motion by a term involving
ghosts only.
We now take up the quantum lagrangian (28) and note it is invariant
under the scale transformation (Third Global Transformation)
ca → eαca ; c¯ a → e−αc¯ a, (40)
with α a constant. This global transformation affects only the FP-ghost fields
in (28). The Noether current corresponding to this transformation is given
by
Jλgh = δαc
a ∂L
∂(∂λca)
+ δαc¯
a ∂L
∂(∂λc¯ a)
,
= ic¯ a(Dλabcb)− i(∂λc¯ a)ca, (41)
as α is arbitrary. The corresponding conserved charge Qgh = (Qgh)
† is
called the FP-ghost charge generating the above scale transformation on the
ghost fields, leaving other fields invariant [7]. This is given by
δghc
a = [iQgh, c
a] = ca ; δghc¯
a = [iQgh, c¯
a] = −c¯ a. (42)
Using the above, the third term in (39) can be written as
ifabc(∂µc¯
b)cc = −
1
2
δgh(if
abc(∂µc¯
b)cc),
=
1
2
[Qgh, f
abc(∂µc¯
b)cc], (43)
as δgh when crosses a FP-ghost field picks up a sign.
We defined the physical subspace in (37) as the assembly of states in
the indefinite metric Hilbert space annihilated by the BRS-Charge. We now
restrict the physical subspace further by another subsidiary condition
Qgh|φ〉 = 0. (44)
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Then, using (43) in the last term in (39) and in view of the further restriction
(44) on the physical states, (39) becomes
〈φ|∂µF
µνa + gJνa|φ〉 = 0, (45)
showing that the expectation value of the quantum equation of motion for
the non-Abelian gauge fields agrees with the classical equation of motion
(27).
Now we examine the other quantum equations of motion in (30). The
second equation in (30), in view of the BRS-transformation (31) can be writ-
ten as ∂µA
µa + α{Q, c¯ a} = 0 which when its expectation value between the
physical states defined in (37) are taken gives 〈φ|∂µA
µa|φ〉 = 0, giving the
gauge fixing condition. The third equation in (30), in view of the third global
transformation (42), is written as [iQgh, (D
ab
µ (∂
µc¯ b))] = 0 and its expecta-
tion value taken between the physical states vanishes on account of (44). The
fourth equation in (30), using the BRS-transformation (first global transfor-
mation) becomes [iQ, ∂µA
µa] whose expectation value between the physical
states vanishes on account of (37). This shows the validity of Ehrenfest’s
theorem for the quantum non-Abelian theory. We have made use of three
global transformations to arrive at this conclusion.
4. Summary
The Ehrenfest theorem in quantum mechanics is shown to be satisfied
in the quantum field theory by suitably taking the physical subspace for
the gauge fields. In the Abelian quantum field theory, the one subsidiary
condition on the physical states of the photon is enough to show this. In
the case of non-Abelian field theory, the subsidiary condition (37) is not
enough and one has to further restrict the physical space by (44). Then the
expectation value of the quantum equations of motion between the physical
states satisfying (37) and (44) agree with the classical equations of motion,
including the gauge fixing condition.
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